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The Refinement Property
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The Refinement Property

AglengCIXCQ

= there exist D;; such that
B;i=Dji XxDp y Ci =Dy XDy

withi = 1,2
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Strict Refinement (SRP)

! P2
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Strict Refinement (SRP)

! P2

biiom =cr1op1
by 0Ty = c310py

bipom =cppopg

Dy Doy

P. Sanchez Terraf (CIEM-FaMAF — UNC) Refinement & Definability TUD, 25/10/2012




Boolean Factor Congruences (BFC)

Given an algebra A, the set

FC(A):={6 € ConA:30".0N0" =A"and 000" = A x A}

is a distributive sublattice of ConA.
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Boolean Factor Congruences (BFC)

Given an algebra A, the set

FC(A):={6 € ConA:30".0N0" =A"and 000" = A x A}
is a distributive sublattice of ConA.
Theorem (Chang, Jonsson and Tarski)

SRP < BFC <= factor congruences of direct products factorize (i.e.,
there are no skew factor congruences).
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Central Elements and Factor Congruences

Variety with 0 & 1

There exist terms 0 and 1 such that

VEO=1—=x=y
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Central Elements and Factor Congruences

Variety with 0 & 1 ( <= semidegenerate)

There exist terms 0 and 1 such that
VEO=1—=x=y

Example: Bounded lattices. Rings with identity.
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Central Elements and Factor Congruences

Variety with 0 & 1 ( <= semidegenerate)

There exist terms 0 and 1 such that
VEO=1—=x=y

Example: Bounded lattices. Rings with identity.

f:A — A]XA2 A
x — (x1,x) “1/ \7‘2

m (x,y) € kerm
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Central Elements and Factor Congruences

Variety with 0 & 1 ( <= semidegenerate)

There exist terms 0 and 1 such that
VEO=1—=x=y

Example: Bounded lattices. Rings with identity.

f A — A] ><A2 A
x — (x1,x) “1/ \7‘2
y — (1,y2) Al X Ay

m (x,y) ekerm; < x; =y;
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Central Elements and Factor Congruences

Variety with 0 & 1 ( <= semidegenerate)

There exist terms 0 and 1 such that
VEO=1—=x=y

Example: Bounded lattices. Rings with identity.

f A — A] ><A2 A
x — (x1,x) “1/ \7‘2
y — 1y Al % As

m (x,y) ekerm; < x; =y;
mx-e=y-e withe=(12,0°)
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Central Elements and Factor Congruences

Variety with 0 & 1 ( <= semidegenerate)

There exist terms 0 and 1 such that
VEO=1—=x=y

Example: Bounded lattices. Rings with identity.

f A — A] ><A2 A
x — (x1,x) “1/ \7‘2
y — 1y Al % As

m (x,y) ekerm; < x; =y;

mx-e=y-e, withe=(18,0°) ~» A-central elements (Vaggione)

] = =
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Determining Property (DP)

Holds whenever central elements determine direct product descompositions:

Z — FC(A)?
e— (0,07)

such that ¢ 6 0 and e 6 1, is a bijection.

P. Sanchez Terraf (CIEM-FaMAF — UNC) Refinement & Definability TUD, 25/10/2012 7/20



Definable Factor Congruences (DFC)

There exists a first order formula ®(x, y, z) such that
Bx C = ®((a,b),(c,d),(1,0)) if and only if a = c.

forall B,C € V,anda,c€ B, b,d € C.
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Definable Factor Congruences (DFC)

There exists a first order formula ®(x, y, z) such that
Bx C = ®((a,b),(c,d),(1,0)) if and only if a = c.
forall B,C € V,anda,c€ B, b,d € C.
Theorem (PST, Vaggione)
For a variety V with 0 & 1 TFAE:
El vV has DFC;

A 71 has BFC;
B 7 has the DP
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Hint for proof |

(DFC=>DP) Immediate.

P. Sanchez Terraf (CIEM-FaMAF — UNC) Refinement & Definability TUD, 25/10/2012 9/20



Hint for proof |

(DFC=-DP) Immediate.

(BFC=-DP) Two pairs of complementary factor congruences ¢,¢* and 6, 6™.

0@peo*1
00e6*1

P. Sanchez Terraf (CIEM-FaMAF — UNC) Refinement & Definability TUD, 25/10/2012 9/20



Hint for proof |

(DFC=-DP) Immediate.

(BFC=-DP) Two pairs of complementary factor congruences ¢,¢* and 6, 6™.

0peo*1
00e6*1

Then @V 6* = V. So we have
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Hint for proof |

(DFC=-DP) Immediate.

(BFC=-DP) Two pairs of complementary factor congruences ¢,¢* and 6, 6™.

0peo*1
00e6*1

Then @V 6* = V. So we have

(pvO)NB =06
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Hint for proof |

(DFC=-DP) Immediate.

(BFC=-DP) Two pairs of complementary factor congruences ¢,¢* and 6, 6™.

0peo*1
00e6*1

Then @V 6* = V. So we have
(pvO)NB =06

By BFC we can distribute, obtaining N0 =0 — 06 C ¢. By symmetry, we
obtain @ = 0 and ¢* = 0*.
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Hint for proof |

(DFC=>DP) Immediate.

(BFC=-DP) Two pairs of complementary factor congruences ¢,¢* and 6, 6™.

0peo*1
00e6*1

Then @V 6* = V. So we have
(pvO)NB =06

By BFC we can distribute, obtaining N0 =0 — 06 C ¢. By symmetry, we
obtain @ = 0 and ¢* = 0*. Beth’s Theorem: also obtain (BFC=-DFC)!
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Hint for proof |

(DFC=-DP) Immediate.

(BFC=-DP) Two pairs of complementary factor congruences ¢,¢* and 6, 6™.

0peo*1
00e6*1

Then @V 6* = V. So we have
(pvO)NB =06

By BFC we can distribute, obtaining N0 =0 — 06 C ¢. By symmetry, we
obtain @ = 0 and ¢* = 0*. Beth’s Theorem: also obtain (BFC=-DFC)!

(DP=-BFC) This one’s really hard.
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Hint for proof I

To obtain a first order definition from DP we need terms. Let P be a property of
varieties.
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Hint for proof I

To obtain a first order definition from DP we need terms. Let P be a property of
varieties.

Mal’cev Property

mPyCPC---CP,C---U,P,=P.

m P, defined by a finite presentation in term-symbols and variables.
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Hint for proof I

To obtain a first order definition from DP we need terms. Let P be a property of
varieties.

Mal’cev Property
mPyCPC---CP,C---UU,P,=P.

m P, defined by a finite presentation in term-symbols and variables.

Examples

m Congruence Permutability ~ p(x,x,y) = p(y,x,x) = y.
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Hint for proof I

To obtain a first order definition from DP we need terms. Let P be a property of
varieties.

Mal’cev Property

mPyCPC---CP,C---U,P,=P.

m P, defined by a finite presentation in term-symbols and variables.

Examples

m Congruence Permutability ~ p(x,x,y) = p(y,x,x) = y.
m Congruence Distributivity.
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Hint for proof I

To obtain a first order definition from DP we need terms. Let P be a property of
varieties.

Mal’cev Property

mPyCPC---CP,C---U,P,=P.

m P, defined by a finite presentation in term-symbols and variables.

Examples

m Congruence Permutability ~ p(x,x,y) = p(y,x,x) = y.
m Congruence Distributivity.
m BFC (Burris).

P. Sanchez Terraf (CIEM-FaMAF — UNC) Refinement & Definability TUD, 25/10/2012 10/20



Devising factor congruences: The History

To work produce ‘the most general situation” with two pairs of complementary
factor congruences such that, e.g.,00z0* 1y 0@z ¢* 1.
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Devising factor congruences: The History

Problem

To work produce ‘the most general situation” with two pairs of complementary
factor congruences such that, e.g.,00z0* 1y 0@z ¢* 1.

Idea (Vaggione)

Take F := F(X) with X very big:
Vp,g€ Fdx,y€X: pOxy, 07 ¢.
Then take a good quotient so that 6 N 6* and ¢ N @* trivialize.
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Devising factor congruences: The History

Problem

To work produce ‘the most general situation” with two pairs of complementary
factor congruences such that, e.g.,00z0* 1y 0@z ¢* 1.

Idea (Vaggione)

Take F := F(X) with X very big:
Vp,g€ Fdx,y€X: pOxy, 07 ¢.
Then take a good quotient so that 6 N 6* and ¢ N @* trivialize.

Application

El (Willard) Recipe for a Mal’cev condition for BFC.
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Devising factor congruences: The History

Problem

To work produce ‘the most general situation” with two pairs of complementary
factor congruences such that, e.g.,00z0* 1y 0@z ¢* 1.

Idea (Vaggione)

Take F := F(X) with X very big:
Vp,g€ Fdx,y€X: pOxy, 07 ¢.
Then take a good quotient so that 6 N 6* and ¢ N @* trivialize.

Application

El (Willard) Recipe for a Mal’cev condition for BFC.
HA (PST) Mal’cev condition for BFC and DFC.
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Hint for proof Il

BFC <= no skew factor congruences

l.e. each 6 € FC(A| x A,) is of the form 8; x 6, with 0; € FC(A;).
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Hint for proof Il

BFC <= no skew factor congruences
l.e. each 6 € FC(A| x A,) is of the form 8; x 6, with 0; € FC(A;).
& must be preserved by direct factors

Ay X Ay |= @((x1,x2), (y1,)2), (e1,€2)) <= (x1,x2)0(y1,y2) =
x101y1 <= A1 = P(x1,y1,€1).
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Hint for proof Il

BFC <= no skew factor congruences

l.e. each 6 € FC(A| x A,) is of the form 8; x 6, with 0; € FC(A;).

& must be preserved by direct factors

Al XAy ):(I)(<X1,X2>,<y1,y2>,<€1,€2>) <~ (xl,x2>6(y1,y2>
x101y1 <= A1 E P(x1,y1,€1).

BFC MaleeY, — ®(x,y,2)
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Hint for proof Il

BFC <= no skew factor congruences
l.e. each 6 € FC(A| x A,) is of the form 8; x 6, with 0; € FC(A;).
& must be preserved by direct factors

Ay X Ay |= @((x1,x2), (y1,)2), (e1,€2)) <= (x1,x2)0(y1,y2) =
x101y1 <= A1 = P(x1,y1,€1).

BFC Mal'cev —><I>(x,y,z) Pres F BFC.
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Hint for proof Il

BFC <= no skew factor congruences
l.e. each 6 € FC(A| x A,) is of the form 8; x 6, with 0; € FC(A;).
& must be preserved by direct factors

Ay X Ay |= @((x1,x2), (y1,)2), (e1,€2)) <= (x1,x2)0(y1,y2) =
x101y1 <= A1 = P(x1,y1,€1).

BFC Mal'cev —><I>(x,y,z) Pres F BFC.

Same story with DFC!
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Property (*)

Theorem (PST, Willard)

Let V be a variety. TFAE:

El There exists a first order formula mt(x,y,z,w) preserved by direct factors
and products such that
B 7 Enxyxy)
A 7 En(x,xz,w)
B VEn(xyzz) >x=y
A v has BFC.

P. Sanchez Terraf (CIEM-FaMAF — UNC) Refinement & Definability TUD, 25/10/2012 13/20



Problem

How complicated ® might be?

P. Sanchez Terraf (CIEM-FaMAF — UNC) Refinement & Definability TUD, 25/10/2012 14/20



Connected PO-groupoids

Definition
(A, A\) such that the relation

x<y <= xAy=x

is a partial order.
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Connected PO-groupoids

Definition
(A, A\) such that the relation

x<y <= xAy=x

Ty 7, B
Wv is a partial order.
T .
L L4 n-1 Connectivity
Vx,y 3xp, ...,
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Connected PO-groupoids

Definition
(A, A\) such that the relation

x<y <= xAy=x

Ty 7, o,
Wv is a partial order.
T .
L L4 n-1 Connectivity
Vx,y 3xp, ...,

X=X 2X<x3 2 <X =Y.

Connected posets have the SRP (CJT, McKenzie; cf. Hashimoto).
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Connected PO-groupoids with 0 & 1

Theorem

Every semidegenerate variety V' of connected PO-groupoids admits a X4
formula ® witnessing DFC.
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Connected PO-groupoids with 0 & 1

Theorem

Every semidegenerate variety V' of connected PO-groupoids admits a X4
formula ® witnessing DFC.

Proof: We may define a I, formula y(x,y,z) that satisfies
B 7y
B v yx.)
B VEvy(xxz) »x<z

and using that one, T may be defined. With w and 0 & 1 we can define ®.
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Connected PO-groupoids with 0 & 1

Theorem
Every semidegenerate variety V' of connected PO-groupoids admits a X4
formula ® witnessing DFC.

Proof: We may define a I, formula y(x,y,z) that satisfies
B VEyxyx)
B VEvyxyy)
B 7Evyxxz) —>x<z
and using that one, © may be defined. With T and 0 & 1 we can define &.

Corollary

If the language is finite, Vpy is I1s.
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Thanks!
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Bonus Track: A Mal’cev Condition for BFC

x~ Le(X)
|OC| N = . y zRs(f{)
La<p<§>) ~ Ra<p<X)> Le(p(X)) ~ Li (p(X))
La(p*(X)) ~ Ra(p* (X)) Ri(p(X)) ~ L (p(X))  if1<j<N—1
Ry(p(X)) ~ Re(p(X))

0< ol <N

La(p(X)) = Lar (p(X)) La(0(X)) = L (6(X))

Raj(p(X)) = Loy (p(X)) i 1<j<k—1 Roj(0(X)) = Loy (6(X))  if1<j<k—1

Rux(p(X)) = Ru(p(X)) Rox(0(X)) = Ra(o(X)

La(p*(X)) = L1 (p" (X)) La(0" (X)) & Logr1) (0 (X))

Roj(p* (X)) & Loty (p" (X)) ik+1<j<N—1 Ry(0"(X))~ Lyjiry(0*(X))  ifk+1<j<N-1
(p* (X)) (0" (X))

TUD, 25/10/2012 19/20
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Bonus Track: & for PO-groupoids

w(x,y,z) =
VM],...,I,{ZV,,]
n—1
(ul X =up-ua A\ (/\ Ugi—1 - Ugji—3 = Uj—1 -M2i> A Upp—| - UDp—2 = UDp—] »y> —

i=2

n—1
Wy Ve tup X =up v A (/\ Ugi—1 Vi1 = U2i—1 ‘W) A Upp—1 - Vp—1 = U2p—1 2.

i=2

P = Ela]?" -y Ap—1 - TC(.X,(J],U] (xayaz)a U, (-xay7w))/\

A (/\ aza i+15 ,+1(x,y,Vv),Ui+1(x,y,2))>A
i odd

/\< /\ al7al+17 l+](‘x Y,3 ) Ui+1(x7va)))/\

i even
A TC(Clnfl,y, Uk(x,y,Z), Uk(x y,w _)))
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